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Flow through lattice networks with quenched disorder exhibits a strong correlation in the velocity field,
even if the link transmissivities are uncorrelated. This feature, which is a consequence of the divergence-
free constraint, induces anomalous transport of passive particles carried by the flow. We propose a
Lagrangian statistical model that takes the form of a continuous time random walk with correlated
velocities derived from a genuinely multidimensional Markov process in space. The model captures the
anomalous (non-Fickian) longitudinal and transverse spreading, and the tail of the mean first-passage time
observed in the Monte Carlo simulations of particle transport. We show that reproducing these
fundamental aspects of transport in disordered systems requires honoring the correlation in the
Lagrangian velocity.
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Anomalous transport, understood as the nonlinear scal-
ing with time of the mean square displacement of trans-
ported particles, is observed in many physical processes,
including contaminant transport through porous and frac-
tured geologic media [1], animal foraging patterns [2],
freely diffusing molecules in tissue [3], tracer diffusion
in suspensions of swimming microorganisms [4], and
biased transport in complex networks [5].
Anomalous transport often leads to a broad-ranged par-
ticle distribution density, both in space and time [6–8].
Understanding the origin of the slow-decaying tails in the
probability density is essential, because they determine the
likelihood of high-impact, ‘‘low-probability’’ events and
therefore exert dominant control over the predictability of a
system [9]. This becomes especially important when
human health is at risk, such as in epidemic spreading
through transportation systems [10] or radionuclide
transport in the subsurface [11].
Past studies have shown that a high variability in the
flow properties leads to anomalous transport [1,7].
Depending on the nature of the underlying disorder, dis-
tribution anomalous behavior can be transient or persist to
asymptotic scales [12,13]. The continuous time random-
walk (CTRW) formalism [14,15] offers an attractive
framework to understand and model anomalous transport
through disordered media and networks [1,5,16]. The
CTRW model is intrinsically an annealed model because
the disorder configuration changes at each random-walk
step. A particle that returns to the same position experi-
ences different velocity properties. The validity of the
CTRWapproach for average transport in quenched random
environments has been studied for purely diffusive trans-
port (e.g., [7]) and biased diffusion (e.g., [9,17–19]). Most
studies that employ the CTRW approach assume that tran-
sition times associated with particle displacements are
independent of each other, therefore neglecting velocity
correlation between successive jumps [20]. Indeed, a re-
cent study of transport on a lattice network has shown that
CTRW with independent transition times emerges as an
exact macroscopic transport model when velocities are
uncorrelated [9].
However, a detailed analysis of particle transport simu-
lations demonstrates conclusively that particle velocities in
mass-conservative flow fields exhibit correlation along
their spatial trajectory [17,21,22]. Mass conservation in-
duces correlation in the Eulerian velocity field because
fluxes must satisfy the divergence-free constraint at each
intersection. This, in turn, induces a correlation in the
velocity sequence along a particle trajectory. To take into
account velocity correlation, Lagrangian models based on
temporal [22,23] and spatial [17,21] Markovian processes
have recently been proposed. These models successfully
capture many important aspects of the Lagrangian velocity
statistics and the particle transport behavior. In particular,
the study of Le Borgne et al. [17] shows that introducing
correlation in the Lagrangian velocity through a Markov
process in space yields an accurate representation of the
first and second moments of the particle density. The
model is restricted, however, to particle trajectories
projected onto the direction of the mean flow, and the
study leaves open the question of whether spatial Markov
processes can describe multidimensional features of
transport.
Here, we investigate average transport in divergence-
free flow through a quenched random lattice from the
CTRW point of view. We introduce a multidimensional
spatial Markov model for particle velocity, and confirm
that the model exhibits excellent agreement with
Monte Carlo simulations. We show that accounting for
the spatial correlation in the Lagrangian velocity is
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essential to capture the fundamental macroscopic transport
behavior.
Random lattice network.—We consider a lattice network
consisting of two sets of parallel, equidistant links oriented
at an angle of  with the x axis. The distance between
nodes is l [Fig. 1(a)]. Flow through the network is modeled
by assuming Darcy’s law [24] for the fluid flux uij between
nodes i and j, uij ¼ kijðj iÞ=l, where i and j
are the flow potentials, and kij > 0 is the conductivity of
the link between the two nodes. Imposing mass conserva-
tion at each node i,
P
juij ¼ 0, leads to a linear system of
equations, which is solved for the flow potentials at the
nodes. A link from node i to j is incoming for uij < 0 and
outgoing for uij > 0. We denote by eij the unit vector in the
direction of the link connecting i and j. A realization of the
random lattice network is generated by assigning indepen-
dent and identically distributed random conductivities to
each link. Therefore, the k values in different links are
uncorrelated. The set of all realizations of the quenched
random network generated in this way form a statistical
ensemble that is stationary and ergodic.
We study a simple flow setting of mean flow in the
positive x direction by imposing a no-flow condition at
the top and bottom boundaries of the network, and fixed
values of the potential at the left ( ¼ 1) and right
( ¼ 0) boundaries.
Once the fluxes at the links are known, we simulate
transport of a passive tracer by particle tracking. We ne-
glect diffusion along links, and thus particles are advected
with the flow velocity between nodes. We assume complete
mixing at the nodes. Thus, the link through which the
particle exits a node is chosen randomly with flux-
weighted probability. The Langevin equations describing
particle movements in space and time are
x nþ1 ¼ xn þ l vðxnÞjvðxnÞj ; tnþ1 ¼ tn þ
l
jvðxnÞj : (1)
If xn is the position of the i-th node, the transition
velocity is equal to vðxnÞ ¼ uijeij with probability
pij ¼ juijj=
P
kjuikj where the summation is over outgoing
links only, and pij ¼ 0 for incoming links. The velocity
vector v in the following is expressed in (; ) coordinates,
in which  ¼ jvj cosð’Þ=j cosð’Þj is the velocity along a
link with ’ ¼ arcosðvx=jvjÞ and  ¼ sinð’Þ=j sinð’Þj, so
that v ¼ ½ cosðÞ; jj sinðÞt. Note that ’ can only
assume values in f;; ;þ g.
The system of discrete Langevin equations (1) describes
coarse-grained particle transport for a single realization of
the quenched random lattice. Particle velocities and thus
transition times depend on the particle position. The parti-
cle position at time t is xðtÞ ¼ xnt , where nt denotes the
number of steps needed to reach time t. The mean particle
density is Pðx; tÞ ¼ hðx xntÞi, where the angular brack-
ets denote both the noise average over all particles in one
realization and the ensemble average over all network
realizations. We solve transport in a single disorder real-
ization by particle tracking based on Eq. (1) with the initial
conditions x0 ¼ 0 and t0 ¼ 0 [Fig. 1(b)]. From this, we
obtain the mean particle density Pðx; tÞ by ensemble
averaging.
To develop a transport model for the average particle
density Pðx; tÞ, we study average particle movements from
a CTRW point of view. This could be done, for example, by
interpreting first-passage time distributions in the CTRW
framework and inferring an optimal distribution of transi-
tion times [20]. Here we follow a different rationale and
analyze the ensemble statistics of the Lagrangian velocities
because the CTRW model is based on the assumption that
particle velocities sampled at given spatial positions along
an average trajectory form a Markov process.
Spatial Markov property.—To characterize average par-
ticle movement from a CTRW point of view, we study the
ensemble statistics of the series of Lagrangian velocities
experienced by particles along individual trajectories. We
consider the transition probability density to encounter a
velocity v after nþm steps given that the particle velocity
was v0 after n steps, which in the variables (, ) reads
rmð;j0;0Þ ¼ h½ðxnþmÞ;ðxnþmÞijðxnÞ¼0;ðxnÞ¼0 :
(2)
We study the statistical properties of the Lagrangian
velocity vðxnÞ by particle tracking simulations in 103 real-
izations of an ensemble of random lattices characterized by
a lognormal k distribution with variance 2lnk ¼ 5. The use
of a lognormal distribution is motivated by measurements
of conductivity in many natural media [25]. The lattice size
is 500 500 nodes and, in each realization, we release 103
particles at the origin. To evaluate the transition probability
numerically, the particle velocity  is discretized into
classes,  2 SNj¼1ðj; jþ1Þ. To emphasize the role of
low velocities, velocity classes are defined on a near-
logarithmic scale. We define the transition probability
matrix
FIG. 1 (color online). (a) Schematic of the lattice network
considered here, with two sets of links with orientation  ¼
=4 and spacing l ¼ 1. (b) Particle distribution at nodes
(represented by circles of different sizes) at t ¼ 30 for a single
realization after injection at the origin at t ¼ 0.










d0rmð; j0; 0Þ: (3)
The aggregate transition matrix TmðijjÞ ¼P
;0Tmði; jj; 0Þ, shown in Fig. 2(a) for m ¼ 1, clearly
indicates that particle velocities are correlated. The rela-
tively large probabilities in the upper-left and lower-right
corners of the transition matrix reflect flow reversal.
The series of Lagrangian velocities vðxnÞ  vn along
particle trajectories can be approximated as a Markov
process, if the transition matrix satisfies the Chapman-
Kolmogorov equation [e.g., [26]], which, in matrix form,
reads
Tnði; jj; 0Þ ¼
X
i0;00
Tnmði; ji0; 00ÞTmði0; 00jj; 0Þ: (4)
Specifically, for a Markov process, the m-step transition
matrix Tm is equal to the m-fold product of the 1-step
transition matrix T1 with itself as Tm ¼ Tm. Figure 2(b)
shows the transition probabilities for m ¼ 5 steps condi-
tional to a low (j ¼ 5) and high (j ¼ 90) velocity class
given by T5, which is obtained by direct Monte Carlo
simulations, and under the Markov assumption from T5.
The Markov model predicts accurately the transition prob-
abilities, as well as the return probability for any number of
steps [Fig. 2(b), inset]. Our analysis suggests that the
Markov model captures the Lagrangian velocity statistics
accurately. We repeated the analysis for truncated power-
law and the absolute value of Cauchy distributions of
conductivity, and found that the Markovianity assumption
holds for these conductivity distributions too. Therefore,
a CTRW characterized by a one-step correlation in
velocity is a good approximation for describing average
transport.
Continuous time random-walk model.—Particle move-
ments in the random lattice can, on average, be described
by the following system of Langevin equations:
x nþ1 ¼ xn þ l vnjvnj ; tnþ1 ¼ tn þ
l
jvnj : (5)
We have already shown that the series of Lagrangian
velocities fvng1n¼0 is well approximated by a Markov pro-
cess and thus fully characterized by the one-point density
pðvÞ ¼ hðv vnÞi and the one-step transition probability
density
r1ðvjv0Þ ¼ hðv vnþ1Þijvn¼v0 : (6)
The particle density can be written as
Pðx; tÞ ¼
Z
dvhðx xntÞðv vntÞi; (7)
in which nt ¼ maxðnjtn  tÞ, x is the position of the node
at which the particle is at time t, and v is the velocity by
which the particle emanates from this node. Equation (7)






dt0Rðx; v; t0Þ; (8a)
in which we defined
Rðx; v; t0Þ ¼ X
1
n¼0
hðx xnÞðv vnÞðt0  tnÞi: (8b)
The latter satisfies the Kolmogorov type equation
FIG. 2 (color online). (a) Aggregate transition matrix for N ¼ 100 velocity classes distributed with logarithmic scale. (b) Transition
probabilities after m ¼ 5 steps from direct Monte Carlo computation (blue solid line) and calculated from the Markov assumption
(green symbols). Shown are probability densities for two initial velocity classes: a low velocity class (j ¼ 5;), and a high velocity
class (j ¼ 90; ). Inset: Probability of returning to the same initial velocity class as a function of the number of steps for a high initial
velocity (class j ¼ 90).









dx0ðxx0  lv0=jv0jÞRðx0;v0; t l=jv0jÞ:
(8c)
For independent successive velocities, i.e., r1ðvjv0Þ ¼









dxc ðx; Þ; (9a)
where Rðx; tÞ satisfies






 c ðx x0; t t0Þ (9b)
and the joint transition length and time density is given by
c ðx; tÞ ¼
Z
dv0pðv0Þðx lv0=jv0jÞðt l=jv0jÞ: (9c)
In the following, we refer to system (8) as correlated
CTRW because subsequent particle velocities are corre-
lated, and to model (9) as uncorrelated CTRW because
subsequent particle velocities are uncorrelated.
Average transport behavior.—The average transport be-
havior is studied in terms of the spatial particle density
Pðx; tÞ, its mean square displacements in longitudinal and
transverse directions, and the distribution of the first-
passage time tfðxÞ at a control plane at a distance x from
the inlet. We compare the results obtained from direct
Monte Carlo simulations to correlated CTRW and uncor-
related CTRW. Correlated CTRW is parametrized by the
one-step transition matrix T1 determined from numerical
Monte Carlo simulations. Uncorrelated CTRW is parame-
trized by the Lagrangian velocity distribution pðvÞ, which
is obtained from Monte Carlo simulations as well.
The particle distribution is non-Gaussian and character-
ized by a sharp leading edge and an elongated tail (Fig. 3).
The non-Gaussian features persist even after the center of
mass has travelled a distance of about 100 links in the
direction of the mean flow. Correlated CTRW captures the
shape of the particle plume with remarkable accuracy,
including its leading edge, peak, transverse spread, and
low-probability tail near the origin. Ignoring the correlated
structure of the Lagrangian velocity leads to predictions of
longitudinal and transverse spreading that deviate from the
direct Monte Carlo simulation (Fig. 3, insets).
Figure 4(a) shows the time evolution of the longitudinal
and transverse spreading. The Monte Carlo simulation
shows that the longitudinal mean square displacement
(MSD) with respect to the center of mass evolves faster
than linear with time (slope of 1.33). Both the scaling and
FIG. 3 (color online). Contour plot of the mean particle density
at t ¼ 5 102, computed from direct Monte Carlo simulation
(blue solid line), correlated CTRW model (green solid line), and
uncorrelated CTRW model (red solid line).
FIG. 4 (color online). (a) Time evolution of the longitudinal MSD. Inset: Transverse MSD. (b) Cumulative FPT distribution.




the magnitude of the longitudinal spreading are captured
accurately by correlated CTRW. The model also reprodu-
ces accurately the magnitude and time scaling of the
transverse MSD. The uncorrelated model underpredicts
the magnitude of longitudinal spreading.
Nonlocal theories of transport, including CTRW, are
often invoked to explain the empirical observation that
the first-passage time (FPT) distribution is broad ranged
[1]. Early arrival and slow decay of the FPT are also
observed in our model system, even when the conductivity
distribution is lognormal and has zero spatial correlation
[Fig. 4(b)]. The cumulative FPT distribution from the
Monte Carlo simulation exhibits a significantly slower
decay than uncorrelated CTRW. This behavior is accurately
captured by correlated CTRW, suggesting that the velocity
correlation along particle trajectories is responsible for the
emergence of the observed asymptotic behavior.
In conclusion, we have shown that the divergence-free
condition arising from mass conservation is the source of
strong and nontrivial correlation in the Lagrangian velocity,
even when the underlying conductivity field is completely
uncorrelated. Accounting for such correlation in the velocity
is important to obtain quantitative agreement for the mean
particle density and the FPT distribution. Here, we have
proposed and validated a spatial Markov model of transport
on a lattice network that explicitly captures the multidimen-
sional effects associated with changes in direction along the
particle trajectory. This study opens the door to understand-
ing the interplay between two sources of velocity correla-
tion: the divergence-free condition and the spatial
correlation in the permeability field. Finally, we suspect
that correlation in the Lagrangian velocity exerts an even
more dominant control over mixing (understood as the
decay of the variance of the particle density [27–29]) than
it does on spreading. This remains an exciting open question.
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